
Math 4550-Cyclicgroups



orem: Let G be a cyclic

group.

If HEG
,

then It is

cyclic

#roof: Suppose G = <X) is cyclic

Let HEG .

If H = Sel ,
then H =e7 is cyclic

Suppose H5e3.

Then there must exist alt

with a e.

Since HE G we know
at G

a = xk for some
REZ

,

k + 0.

Thus ,

If RO ,
then a = XK is also in

It since It is a subgroup

We can conclude that It contains



Some X"where n is a positive

integer .

Let m be the smallest positive

integer where X
*

El.

Claim: H = < x
*)

We know <xm> I because

X
&

Elt and It is a subgroup

so (xm)9EH for any
le 2.

Let's show that H& <xM)
.

Let yeH.

Then y
= Xa for some

ae since

H=G and G = <x).

By the division algorithm

a = mq +r where q ,
re

and Or < M.



Then,
y = x" = xmA x

So
,

x= (xmq)
+

y
=(2

in H in

since

xY H

Thus
,

X
* El.

Since X*EH and Or > m

and m is the smallest positive

integer
with XMEH we

must

that r = 0.

have

Thus, y
= x = xMy = (xm)

* x
= (xm)fe
= (xm)7

So , ye < Xm]

Thus , He < XM7.



So
,

H = < xmY and

#His
cyclic.



Ex: Find all subgroups of E1z .

Since [12 is cyclic all its

subgroups
most be cyclic .

Fema:·i
a

Prof: HW

congres
of Zn

(i) = zin =
<) F

< 2) = 50 ,
5

,
5

,
5

,
8

,
joh = (5)E

< 5) = 50 ,
5 ,

5
, 93 = [5)E

<i) = 50 ,
7 , 54 = <5) E



< 5) = 50,
5
,

To
,

5
,

8
,

T
,
6

,
Th

,
#

, 5,
2, 3

=[12 = (E) es

< 57 = 55,
5]

group
diagram

212
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,
5 ,

5
,
Th
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jo3
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Thevrem: (Homomorphisms out of cyclic

groups) Let G
,
=<x] be a

cyclic group : Let Ge be a group .

:posex has finite order n

Pick yeGz with order m dividing n.

Then
, p : G

,
+ G given by g(x

*) = y
*

is a homomorphism. Furthermore,

homomorphism from G
,

to G2
every

is of the above form.
Gz

G

yeDYr

S
Y has order

ordern &m dividing



sezi supposeX
has infinitor as

Then p : G ,
+82 given by q(xk) = y

is a homomorphism. Furthermore,

every homomorphism from G, to G2

is of the above form.
Gz

G

& yeDYr
&

S I

Pick any

Sinfiniteer &X Y

-

of: At end of these notes.
#

-



E: Let's find all homomorphisms

4 : 06 - Up.

We have i

86 = 51 ,
9 ,

94939",
95] where S = e

has order 6.

and

Un = 51 ,
0

, 82 833 where W= Fi
has order

4.

elements

=
To construct : Ug -Vy first we

pick a generator for U6
.

We have



Vo = <97 with I having order 6.

To build of we pick an element of

Vy having order dividing 6.

We can pick I or W ?

efromUq(94) = 1
Define

Thos
,

4(94 = 1 for all k.

Vo

ineg2
9 .

-D jKerkeg · ja

&
4

.
· j3



Here Rer(4 , ) = Us and im (9) = E1] .

case 2 : Pick &2 from U6 .
#

evine 4 : Us + Up where 42(94 =(Y"
So

(1) = 92(9 % = (8% = 1

d92(5) = (5 % = 5 24 = 1

92(54 = (8 % = 0= 1 T

42(93) = (0% = 2 = vYy = 02&
9,

(e) = (84" = 28 = r"r" = I 1
9
.

199 = (0% = v: 84848 = -

Here is the picture



Ub Vy

*92 .-· j2
S⑯ j-g ?

-· 24 &miss im12) = El , 02)
2

So
,

there are two homomorphisms

from No to Vy.



Let me discuss why the above

is constructed this way.

Let's say We wanted

q(9) = 03

Then for a
to be a homomorphism

we need

e(b) = g(s)9(1) = 00=04

and

q(s) = 3(119(3)9(1)
=200= (4

and so on.

decide where

Thisis Whyohere g(gh) goes



# Let's construct a homomorphism

4 : - 1.

We know & is cyclic with I=< 17.

Since I has infinite order we can

pick my element ofI to make 4.

Let's pick It.

Then
,

by the theorem we define
-

R and
q(n) = nπ & IR are

groups
under[Let's explain where
addition

Il

this comes from So "powers
of elements

Let's say we want p(i) = I. are sums

Then for a to be a homomorphism

we need

q(z) = q(1 + 1) = q(() + q(1) = + + H = 2π



and

y(3) = g(1 + 1 + 1) = g() + q() + g()

= N + π + T

= 34
inverse

hereO
and S isunders

q(- 1) = (()]" = (n]" =
- π

y( 2) = q( - 1) = q(- 1) + q(- 1)

= -
- T

=
- 2π

and so on

This is why once you pick y() = i

you must then have g(nl = not.

So we get this picture :



2 IR
-

- &
- 3

->
- 30 --2π
-

①

-2.

⑨
- 1.-

--T

m-- 0⑧j IIm

&T
·

Here Ker(q) = 50% so g is 11 .

im(g) = Ek + (kZ]



rem: (Classification of cyclic groups)

Let G be a cyclic group.

· If IG) = n
,

then GE21

-16)
= x

,
then GEZ.

f:

Cagel: Let G =<x] where X has

order n .

Then,
G = El ,

X ,
X3, ...,

x*+ 3.

Define p : G + (n by p(Xk) = E

We picked Tin En of order M ][ In is the "Roth nower" of I

and

By the previous
theorem, a

is

a
homomomorphism .



G En
I We see that

e -

- · J
& is 1-1 and

-

-·
-

on to so of
X

?
-62

is an isomorphism.D Thus, GE2n .

case Let G = <x) where X

-finite order .
Define

4 : G - 2 where q(x) = k.

]we picked I in 2 and I

[ "of
is the "1-th power

theorem ,
o

is

By the previous
hism.

a
homomorp



G 2

:
I % We see

x
-3 that &

i is 1 - 1

-1

.
o
- 1

and unto.
X

e ao Thus, 9

· I is anj Dorisomorphism
X
-

->

- 2

3 · And
X

%

-



Ex: UnE In since both

are cyclic of sizea

En

Ie-· J
-

9 .
-

g2-①·

↳ is an isomorphism .

-



Below is the proof
of the theorem about[homomorphisms from

the notes



First a lemma
.

Temma: Let G be a group.

Let X & G where X has

order n .

If x* = e for

some integer k ,
then n divides .

prof: By the division algorithm

k = qn + r

where o rn .

Then

e = xk = x fn+ (x)9x = etx = x

Since n is the order of X and

Or in we
must have =o .

Thus ,
k= q7 .

,
n divides .

E



Thevrem: (Homomorphisms out of cyclic

groups) Let G
,
=<x] be a

cyclic group : Let Ge be a group .

:posex has finite order n

Pick yeGz with order m dividing n.

Then
, p : G

,
+ G given by g(x

*) = y
*

is a homomorphism. Furthermore,

homomorphism from G
,

to G2
every

is of the above form.
Gz

G

yeDYr

S
Y has order

ordern &m dividing



sezi supposeX
has infinitor as

Then p : G ,
+82 given by q(xk) = y

is a homomorphism. Furthermore,

every homomorphism from G, to G2

is of the above form.
Gz

G

DYr
&

S I

sinfiniteer iany

-

heroof:

Let G = (x) where X G.

el: Suppose X has order n.



Let yeGz have order m.

Suppose m divides n.

Then n = me where le*.

Let 9 : 6
,
+ Ge be defined as 3(x) = yk

First we show thata is well-defined.

Suppose
X" = X" where ab

Then X9-b = e,
where e ,

is the identitya

By the lemma a - b = nq
for some q.

Note that

ya
b

= g(x
-b) = y(x7) = q(xmeq)

= Y
meq

= (ym )
19

= e = e

a - b where es is the identity

So
,

y = e Ge
a-b = mj where JEX.

By the lemma
a

So
,

g(x) = ya = y
b + mi

= ybymj
= yb(ymj = ybe) = yb = g(x))

Thus if x" = x " then p(x") = p(xY)



and o is well-defined.

Now we show thata is a homomorphism

Let W
,

zEG ,

Then w = X' and z = X
& wherecdeX.

So

g(wz) = y(x(xd) = y(x
+ + d) = ya

+ d

= y (ya = q(xyq(xd) = q(r(q(z)

Thus o is a homomorphism.

Now we show the furthermore part

of the theorem.

that : G+ 62 is a

Suppose
hism.homomorp

Let y = +(x)

By induction
and the fact that I

is a
homomorphism we get

K

that +(xk) = y

Let y
have order M.



By the division algorithm

n = mytr for some q,
re2

with Or < m.

Ther ,

ez = y(e) = 4(xY) = q(x2q+

= ymft) = (ymyfyr = etyr

= yr

Thus , yo = ea

Since y
has order m and OrCM

we must have r = 0.

Thus ,
n = mq

so on divides n.

This finishes case I

ge2 : Exercise .

(This is easier

than case I because there's no well-

defined part ,
the rest is similar)


